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1 Bounds on Kernel Operators

1.1 Strengthening of a previous theorem

We will prove a stronger version of the following theorem.

Theorem 1.1. Let (X,M, µ) and (Y,N , ν) be σ-finite measure spaces. Let K : X×Y → R
be M⊗N -measurable, and let F be the set of f : Y → R measurable functions such that
K(x, ·)f ∈ L1 for µ-a.e. x ∈ X. For f ∈ F , define

Tf(x) =

∫
Y
K(x, y)f(y) dν(y).

Assume there exists C > 0 such that∫
Y
|K(x, y)| dν(y) ≤ C

for µ-a.e. x ∈ X and ∫
X
|K(x, y)| dµ(x)

for ν-a.e. y ∈ Y . The the following conclusions hold:

1. For any 1 ≤ p <∞, Lp(ν) ⊆ F .

2. There exists Cp such that ‖Tf‖ ≤ Cp‖f‖p if f ∈ Lp(ν).

Recall that if A > 0, then

φA(z) =

{
z |z| < A
z
|z|A |z| ≥ A

is a function in C(C,C), and φA|R ∈ C(R,R). Observe that

z − φA(z) =

{
0 |z| < A
z
|z|(|z| −A) |z| ≥ A.
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We shall use the notation

K1 = KA
1 = K − φA(K), K2 = KA

2 = φA(K).

Denote as Ti (i = 1, 2) the operators associated to Ki (i = 1, 2).

Theorem 1.2. Let 1 ≤ p < ∞ and c > 0. Assume that [K(x, ·)]q ≤ C for µ-a.e. x ∈ X
and [K(·, w)]w ≤ C for ν-a.e. y ∈ Y .

1. If 1 ≤ p <∞, Lp(ν) ⊆ F .

2. If 1 < p < r <∞, then there exist B1 > 0 and Bp > 0 such that [Tf ]q ≤ B1‖f‖1 and
‖Tf‖r ≤ CBp‖f‖p, which means T is weak type (1, q) and strong type (p, r), provided
that 1/r + 1 = 1/p+ 1/q.

Proof. Let f ∈ Lp(ν); we want f ∈ F . If f = 0, we are done. If f 6= 0, it suffices to show
that f/‖f‖p ∈ F . So we need only show that if ‖f‖p = 1, then f ∈ F . For the second
conclusion, let f ∈ Lp. If f = 0, then the conclusion holds. If f 6= 0, then we can again
reduce to the case ‖f‖p = 1 by passing to f/‖f‖p. So it suffices to prove both parts when
‖f‖p = 1.

Let f ∈ Lp(ν) be such that ‖f‖ = 1. Let q′ be the dual conjugate of q, and let p′

be the dual conjugate of q. We have 1/r = 1/p + 1/q − 1 = 1/p − 1/q′, and similarly,
1/r = −1/q′ + 1/q. Since r > 0, 1/p > 1/q′, and 1/q > 1/p′. So q′ > p, and p′ > q. We
have

αqλK(x,·)(α) ≤ C, αqλK(·,y)(α) ≤ C.

To show that |K(x, ·)f | ∈ L1(ν), we are going to show that |Ki(x, ·)f | ∈ L1(ν) for i = 1, 2.
We have ∫

Y
|K1(x, y)| dν(y) =

∫ ∞
0

λK1(x,·)(α) dα =

∫ ∞
0

λK(x,·)(α+A) dα

=

∫ ∞
A

λK(x,·)(α) dα ≤ C
∫ ∞
A

α−q dα = C
A1−q

q − 1
.

The similar identity holds for
∫
X |K1(x, y)| dµ(x), so we have∫

Y
|K(x, y)| dν(y),

∫
X
|K(x, y)| dµ(x) ≤ CA

1−q

q − 1
.

We have∫
Y
|K2(x, y)|p′ dν(y) = p′

∫ ∞
0

λK2(x,·)(α)αp′−1 dα = p′
∫ A

0
λK(x,·)(α)αp′−1

≤ p′
∫ A

0
Cαp′−1−q dα = C

p′

p′ − q
Ap′−q.
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By symmetry, we get that∫
Y
|K2(x, y)|p′ dν(y),

∫
X
|K2(x, y)|p′ dµ(x) ≤ C p′

p′ − q
Ap′−q.

Apply Hölder’s inequality to conclude that∫
Y
|K2(x, y)f(x)| dν(y) ≤

(∫
Y
|K2(x, y)|p′ dν(y)

)1/p′

‖f‖p ≤
(
C

p′

p′ − q

)1/p′

A1−q/p′

So K2(x, ·)f ∈ L1(ν). Using the previous theorem, we conclude that K1(x, ·)f ∈ L1(ν). In
conclusion, K(x, ·)f ∈ L1(ν), which implies that Lp(ν) ⊆ F .

Choosing an appropriate A: By our inequality,

‖T2f‖ ≤
(
C

p′

p′ − q

)1/p′

A1−q/p′ .

Choose A such that(
C

p′

p′ − q

)1/p′

Aq/r =

(
C

p′

p′ − q

)1/p′

A1−q/p′ =
α

2
.

That is, we choose

A =

[(
C

p′

p′ − q

)1/p′

Aq/r

]r/q
.

By assumption, ‖T2f‖ ≤ α/2, and so λT2f (α/2) = 0.

Next time, we will finish the proof.
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